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from the shift of the spectral lines, for if the face of the crystal were ground 
at the proper angle to the reflecting planes, the shift would be increased 
enough to make accurate determinations possible. 

1 Experimentelle Untersuchungen der Rontgenspeklra, Lund 1919. 

2 J. Amer. Opt. Soc, May 1922. 

3 Physic Rev., Ithaca, July 1922. 



THE COMPRESSIBILITY OF METALS AT HIGH PRESSURES 

By P. W. Bridgman 

Jefferson Physical Laboratory, Harvard University 
Communicated October 17, 1922 

This note briefly summarizes results which will be found in full detail in 
a forthcoming number of the Proceedings of the American Academy of 
Arts and Sciences. A considerable part of the expenses of the experiment 
was defrayed by a generous appropriation from the Rumford Fund of 
the American Academy. 

A new method has been devised by which the difference of the linear 
compressibility of a solid in the form of a rod or wire and the linear com- 
pressibility of iron may be measured with an accuracy high enough to 
give the variation of compressibility with pressure or temperature. In 
addition, I have improved the method which I previously used 1 for the 
measurement of the absolute linear compressibility of iron, so that I have 
now measured the change of linear compressibility with pressure with some 
accuracy, and I have also obtained improved values for the change of linear 
compressibility with temperature. By combining these absolute measure- 
ments on iron with the measurements of the difference of compressibility 
the absolute linear compressibility of a number of metals has been obtained. 

If the metal is equally compressible in all directions, the absolute 
volume compressibility may be calculated from the linear compressi- 
bility. The great majority of metals crystallize in the cubic system or 
in the hexagonal close packed arrangement of spheres, and for these the 
compressibility is equal in all directions. Table I gives the compressi- 
bility, x (defined as {bv/~bp)r where v is the volume of the amount of the 
metal that under standard conditions occupies 1 cc.) at atmospheric 
pressure at 30°, the pressure derivative of the compressibility, and the 
change of compressibility per degree rise of temperature for a number of 
such metals. The unit of pressure is the kilogram per square centimeter, 
the pressure range of the experiments was 12000 kg. /cm. 2 , and measure- 
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TABLE I 

sub- - X A T 30° _i(Jf) +*-(!■*)„ sub- - X A T 30° -i(| x ) +- 1 (^) 

Al 13.43 0.74 5.4 Ni 5.29 0.802 2.5 

Ca 56.97 1.66 6.0 Pd 5.28 0.80 1.3 

Ce 35.74 1.06 0.4 Pt 3.60 1.00 3.7 

Co 5.39 0.78 3.0 K 356.5 16.1 35.1 

Cu 7.19' 0.72 4.6 Ag 9.87 0.90 3.8 

Ge 13.78 0.98 —2.3 Na 156.2 3.8 22. 

Au 5.77 1.08 Sr 81.87 1.78 2.2 

Fe 5.87 0.72 2.3 Ta 4.79 0.10 1.0 

Pb 23.73 1.46 5.6 W 2.93 1.02 1.5 

Li 86.92 2.24 7.2 Tl* 34.2 3.36 12.2 

Mg 29.60 1.36 2.8 Urf 9.66 0.52 —2.5 

Mo 3.47 0.72 0.6 

* The crystal system of Tl has not yet been determined. The compressibility listed 
above was determined from a single specimen and is very materially higher than the 
value of other observers. It is therefore probable that the crystal system of Tl is not 
cubic. 

t Crystal system of Ur not yet determined. 

merits were made at two temperatures, 30 ° and 75 °. The relation between 
volume and pressure of all these metals, except Na, K, and Tl, could be 
represented within the accuracy of the experiments by a second degree equa- 
tion in the pressure. For the three exceptional metals, however, the rela- 
tion is more complicated, and the coefficients listed in table I are only the 
initial values at atmospheric pressure. Of the above list of metals, the 
compressibility of Ge, Sr, and Ur seems never to have been measured, 
even at low pressures. 

It is to be noticed that the order of magnitude of the relative change 
of compressibility with pressure or temperature is the same for all the 
metals. The compressibility of every metal decreases numerically with 
rising pressure, and in nearly every case increases with rising tempera- 
ture. There are two apparent exceptions to this last statement in the 
cases of Ge and Ur. It is possible that the result found for Ur may be 
due to experimental error, but this explanation seems less likely in the case 
of Ge. This metal is known to be abnormal in other respects. 

If the metal does not crystallize in a system whose compressibility is the 
same in all directions, then a complete description of the distortion under 
pressure requires that measurements be made of the linear compressibility 
in a number of directions of orientations known with respect to the crys- 
tal structure. This elaborate program I have not as yet been able to carry 
through, but I have been able to establish in several cases that there are 
very considerable differences of compressibility in different directions. 
These differences are shown by the fact that measurements on different 
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specimens of the same metal do not yield consistent results, unlike meas- 
urements on different specimens of cubic metals. If a non-cubic metal is 
measured first as a casting and then as an extruded rod, different results 
will nearly always be found. Results on two different castings, even, are 
not the same, unless the method of cooling the castings has been the same, 
so as to ensure the same average orientation of the crystal grains. By 
measuring the linear compressibility of non-cubic metals prepared in differ- 
ent ways, it is possible to set a lower limit to the differences of compressi- 
bility that would be found in different directions in a single crystal. This 
was the method adopted, and in table II are the results for several non- 
cubic metals. The values tabulated are the linear compressibility, k (de- 
fined as (dl/dp) T , where I is a length parallel to one of the sides of a body of 





SUBSTANCE 


Bi 


cast 




extruded 


Sb 


cast 




cast 


Cd 


cast 




cast 




uni-crystalline 


Sn 


extruded 




cast 


Te 


cast 


Zn 


cast 



TABLE II 


— k AT 30 


X 10' 


7.67 


11.78 


6.80 


4.89 


4.72 


6.51 


2.86 


6.51 


5.67 


—2.36 


1.66 


5.30 


7.13 



.1(5*) 




X 105 


X 10* 


0.97 


0.9 


1.82 


3.7 


1.39 


1.0 


0.93 


■1.7 


1.15 


5.6 


1.23 


7.4 


0.94 




1.12 


6.6 


0.71 


4.7 



metal which under standard conditions is a cube one centimeter on a side) 
at 30° at atmospheric pressure, and its pressure and temperature deriv- 
atives. 

The three measurements on zinc were on pieces cut from the same original 
single crystal, oriented so as to give three directions mutually at right 
angles. For zinc, therefore, these numbers give a fair idea of the difference 
of compressibility in different directions in the same crystal. It is surpris- 
ing that the difference is so large. The mean of the values listed above for 
three perpendicular directions is nearly the same as one-third the average 
cubic compressibility found by other observers, confirming the essential 
correctness of these measurements. 

The negative compressibility of tellurium in a particular direction is 
perhaps unexpected, and so far as I know this is the first case found of 
this kind of behavior, although a somewhat analagous instance, the 
negative Poisson's ratio of pyrites, has been found by Voigt. 
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A number of theoretical considerations are suggested by these meas- 
urements of compressibility. In the first place, and most important, I have 
shown in the detailed paper by a dimensional argument that the correct 
order of magnitude for the compressibilities of all these metals may be found 
by taking over for the metal the same picture of the structure that has given 
such suggestive results when applied to the salts, namely the picture of 
the metal as composed of two interpenetrating lattices, one of positively 
charged atomic ions, and the other of negative electrons, the electron 
lattice in the case of the metal taking the place of the lattice of negatively 
charged atoms in the case of the salts, as for example the chlorine lattice 
in NaCl. The same conclusion as to the structure of a metal has been 
recently drawn by Kraus 2 on the basis of a large number of chemical facts. 

The expression of Born 3 for the compressibility of salts, in which a re- 
pulsive potential between atoms as the inverse ninth power is found to 
give good values for the compressibility, cannot be extended to metals, 
for neither is the absolute value of the compressibility nor its variation with 
pressure such as would be given by this sort of a potential. There seems 
to be no simple repulsive potential that will account for the compressibility 
data for the various metals. It is possible, however, to represent the re- 
pulsive potential by an arbitrary function, and then to find the numerical 
value of several of its derivatives from experimental data. For those metals 
which crystallize face-centered cubic, and which therefore probably con- 
sist of interpenetrating lattices of ions and electrons of the type of NaCl, 
it is possible to calculate the grating constants, and to evaluate the first 
three derivatives of the repulsive potential in terms of the absolute di- 
mensions of the crystal, the compressibility, and the change of compressi- 
bility with pressure. These derivatives for a number of metals are listed 
in the detailed paper. The sign of the derivatives is alternately positive and 
negative, and their successive absolute values differ by factors of the order 
of magnitude of the distance of separation of atomic centers. This is 
all as one would expect. To make more detailed use of these numerical 
values of the derivatives demands that more attention be paid to 
the details of the atomic structure than we have hitherto been able to do. 

An effect recently discussed by Schottky, 4 namely a distortion of the 
atoms under pressure, I have shown by a detailed numerical examination 
to be of such a magnitude as to essentially modify the simple calculations 
of compressibility given by Born. 

By the use of simple thermodynamics I have been able to modify the 
arguments of Born, which applied only at the absolute zero of tempera- 
ture, so as to take account of the effect of temperature on the compressi- 
bility to be calculated in terms of the lattice structure. The new terms 
introduced by temperature are not large enough to seriously modify Born's 
argument. 
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Finally, with the new experimental data we are now in a position to 
calculate for the first time the changes in the specific heat of a metal at 
high pressures. It appears that the specific heat at constant volume de- 
creases under pressure by an amount of the same order of magnitude as 
the change of volume under the same pressure, but in most cases by a factor 
several fold greater. 

1 Bridgman, P. W., Proc. Amer. Acad., Boston, 44, 1909 (255-279), and 47, 1911 
(362-368). 

2 Kraus, C. A., /. Amer. Chem. Soc, Easton, Pa., 44, 1922 (1216-1238). 

3 Born, M., Verh. Deut. Phys. Ges., Brauschweig, 21, 1919 (533-538). 

4 Schottky, W., Phys. Zs., Leipzig, 21, 1920 (232-141). 



A FURTHER NOTE ON THE MATHEMATICAL THEORY OF 
POPULATION GROWTH 1 

By Raymond Pearl and Lowell J. Reed 

In an earlier paper in these Proceedings we 2 showed that the expression 

be ax ... 

" = 1+^ (1) 

gives an excellent fit to the known population growth of the United States 
since 1790. Since the first paper was published, we have extended and 
generalized our ideas on population growth with the results herein presented 
in skeleton outline. A more extended paper, giving a full discussion of our 
new results and of the pertinent literature is in press in Metron. 
Considered generally, the curve 
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e~ ax + c 
may be written 

l + me 
where 

k = b/c, m — Xjc, and ka'= — a. 
Now the rate of change of y with respect to % is given by 

dx 



